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beamstop	  

2𝜃~(0.5°,5°)	  

𝑄~(0.001 Å↑−1 ,0.5Å↑−1 )	  

𝑟~(1𝑛𝑚,500𝑛𝑚)	  

Ultra-‐Small	  Angle	  Neutron	  Sca5ering	  (USANS)	  

𝑄~(5× 10↑−6 Å↑−1 ,0.005Å↑−1 )	  

𝑟~(100𝑛𝑚,100𝜇𝑚)	  

low	  flux!	  

SANS	  Experiment	  Setup	  
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Data	  Reduc;on	  

Isotropic	  sca1ering	   Anisotropic	  sca1ering	  

Sample	  transmission	   𝑇↓𝑠𝑎𝑚𝑝𝑙𝑒 	  
Sample	  sca1ering	  𝑆↓𝑠𝑎𝑚𝑝𝑙𝑒 	  
Background	  (empty	  cell)	  transmission	   𝑇↓𝑐𝑒𝑙𝑙 	  
Background	  (empty	  cell)	  sca1ering	  𝑆↓𝑐𝑒𝑙𝑙 	  
Direct	  open	  beam	  intensity	  𝐼↓𝑜𝑝𝑒𝑛 	  
Blocked	  beam	  (room	  background)	   𝐼↓𝑏𝑙𝑜𝑐𝑘 	  

𝐼↓𝑎𝑏𝑠 = 𝑆↓𝑠𝑎𝑚𝑝𝑙𝑒 − 𝐼↓𝑏𝑙𝑜𝑐𝑘 /𝑇↓𝑠𝑎𝑚𝑝𝑙𝑒  − 𝑆↓𝑐𝑒𝑙𝑙 − 𝐼↓𝑏𝑙𝑜𝑐𝑘 /𝑇↓𝑐𝑒𝑙𝑙  	  



Data	  Reduc;on	  (cont’d)	  

𝐼↓𝑎𝑏𝑠 (𝑄 )= 𝑆↓𝑠𝑎𝑚𝑝𝑙𝑒 − 𝐼↓𝑏𝑙𝑜𝑐𝑘 /𝑇↓𝑠𝑎𝑚𝑝𝑙𝑒  − 𝑆↓𝑐𝑒𝑙𝑙 − 𝐼↓𝑏𝑙𝑜𝑐𝑘 /𝑇↓𝑐𝑒𝑙𝑙  = 𝐼↓𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑑 (2𝜃,𝜙)/𝐼↓𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 𝑇↓𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑑↓𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 ∆Ω 	  

𝐼↓𝑎𝑏𝑠 (𝑄 )= 𝑑Σ/𝑑Ω (𝑄 )= 𝑑/𝑑Ω (𝑄 )∑𝑖↑▒𝑛↓𝑖 𝜎↓𝑖  	  

𝜎↓𝑖 :	  microscopic	  cross	  sec;on	  [L2]	  (cm2)	  

𝑛↓𝑖 :	  number	  density	  [L-‐3]	  (cm-‐3)	  

Σ=∑𝑖↑▒𝑛↓𝑖 𝜎↓𝑖  :	  macroscopic	  cross	  sec;on	  [L-‐1]	  

(cm-‐1)	  

𝐼↓𝑎𝑏𝑠 :	  absolute	  intensity	  



Data	  Reduc;on	  (cont’d)	  

Peaks,	  bumps,	  oscilla;on:	  size,	  distance,	  interface	  sharpness	  

Amplitudes:	  concentra;on,	  contrast,	  coherent/incoherent	  sca1ering	  



Instrument	  resolu;on	  

𝑄= 4𝜋/𝜆 𝑠𝑖𝑛𝜃	  

Instrument	  resolu;on	  func;on	  
(Δ𝑄/𝑄 )↑2 = (Δ𝜆/𝜆 )↑2 +(𝑐𝑜𝑠↑2 𝜃)(Δ𝜃/𝑠𝑖𝑛↑2 𝜃 )↑2 = (𝛿(𝑄)/𝑄 )↑2 	  

NGB30	  NIST	  



Instrument	  resolu;on	  (cont’d)	  

𝐼↓𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 (𝑄)=∫0↑∞▒𝐼↓𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 (𝑄′)/√2𝜋 𝛿(𝑄) 𝑒↑− (𝑄−𝑄′)↑2 /2𝛿(𝑄)↑2   𝑑𝑄′ 	  



Standard	  Plots	  (1)	  –	  Guinier	  Plot	  

vs.	  𝑙𝑛(𝐼(𝑄))	   𝑄↑2 	  
𝐼(𝑄=0)=𝑛∆𝜌↑2 𝑉↓𝑝↑2 	  

𝑅↓𝐺 =√0.6 𝑅	  
1.  Only	  valid	  for	  dilute	  solu;on.	  
2. RG	  and	  Rc	  does	  not	  have	  shape	  informa;on.	  

Guinier Region 

3D:	  

𝐼(𝑄)≈𝐼(𝑄=0)𝑒↑− 𝑄↑2 𝑅↓𝐺↑2 /3  	  

Generaliza;on	  (modified	  Guinier	  plots):	  

1D:	  
𝐼(𝑄)≈𝐼↓𝑐 (𝑄=0)/𝑄 𝑒↑− 𝑄↑2 𝑅↓𝑐↑2 /2  	  

(𝑄𝑅↓𝐺 ≪1  )	  

(𝑄𝑅↓𝑐 ≪0.8  )	  

2D:	  
𝐼(𝑄)≈𝐼↓𝑡 (𝑄=0)/𝑄↑2  𝑒↑− 𝑄↑2 𝑅↓𝑡↑2  	  

(𝑄𝑅↓𝑡 ≪0.8  )	  

𝑙𝑛[𝑄𝐼(𝑄)]  𝑣𝑠.   𝑄↑2 	  

𝑙𝑛[𝑄↑2 𝐼(𝑄)]  𝑣𝑠.   𝑄↑2 	  

𝑅=√2 𝑅↓𝑐 	  

𝑅=√12 𝑅↓𝑡 	  



Guinier	  Plot	  -‐	  Examples	  



Standard	  Plots	  (2)	  –	  Porod	  Plot	  

At	  high	  Q	  limit:	  (𝑄𝑅≫1)	  

𝐼(𝑄)≈2𝜋𝐴/𝑄↑4  	  

Mass	  fractal	  (3D):	  𝐼(𝑄)∝𝑄↑− 𝑑↓𝑓  	  
Surface	  fractal	  (2D):	  𝐼(𝑄)∝𝑄↑𝑑↓𝑓 −6 	  
	  
𝐼(𝑄)∝𝑄↑−1 ⟹𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟	  	  
𝐼(𝑄)∝𝑄↑− 5/3  ⟹𝑝𝑜𝑙𝑦𝑚𝑒𝑟  𝑖𝑛  𝑔𝑜𝑜𝑑  𝑠𝑜𝑙𝑣𝑒𝑛𝑡	  	  
𝐼(𝑄)∝𝑄↑−2 ⟹𝑝𝑜𝑙𝑦𝑚𝑒𝑟  𝑖𝑛  𝜃−𝑠𝑜𝑙𝑣𝑒𝑛𝑡	  𝐼(𝑄)∝𝑄↑−3 
⟹𝑝𝑜𝑙𝑦𝑚𝑒𝑟  𝑖𝑛  𝑝𝑜𝑜𝑟  𝑠𝑜𝑙𝑣𝑒𝑛𝑡  	  
𝐼(𝑄)∝𝑄↑−2 ⟹𝑑𝑖𝑠𝑘	  	  
𝐼(𝑄)∝𝑄↑−2~−3 ⟹𝑚𝑎𝑠𝑠  𝑓𝑟𝑎𝑐𝑡𝑎𝑙	  	  
𝐼(𝑄)∝𝑄↑−3~−4 ⟹𝑟𝑜𝑢𝑔ℎ  𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒  	  	  
𝐼(𝑄)∝𝑄↑−4 ⟹𝑝𝑒𝑟𝑓𝑒𝑐𝑡  𝑠𝑢𝑟𝑓𝑎𝑐𝑒	   A:	  surface	  area	  of	  the	  spheres	  



Standard	  Plots	  (3)	  –	  Kratky	  Plot	  

𝐼(𝑄)𝑄↑2 𝑣𝑠.  𝑄	  

•  Cylinder	  
•  Linear	  polymer	  chain	  
•  Globular	  structure	  

Ree	  et	  al.,	  J.	  Chem.	  Phys.	  B	  2010,	  114,	  6247-‐6257	  

𝐼(𝑄)𝑄↑𝑑↓𝑓  𝑣𝑠.  𝑄	  Generalized	  Kratky	  plot	  



Standard	  Plots	  (4)	  –	  Zimm	  Plot	  

1/𝐼(𝑄)   𝑣𝑠.   𝑄↑2 	  

𝐾𝑐/𝐼(𝑄) ≈1/𝑀↓𝑤  (1+ 𝑄↑2 𝑅↓𝐺↑2 /3 )+2𝐴↓2 𝑐	  

•  Molecular	  weight	  
•  Radius	  of	  gyra;on	  (size)	  
•  Second	  virial	  coefficient	  (interac;on)	  



Contrast	  Varia;on	  

Coherent	  sca1ering	  signal	  
vs.	  

incoherent	  sca1ering	  background	  

𝜌(𝑟 )= 𝜌↓𝑠𝑜𝑙𝑣𝑒𝑛𝑡 	  
𝜌(𝑟 )=█■∆𝜌      (𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒)@0            (𝑠𝑜𝑙𝑣𝑒𝑛𝑡) 	  



Contrast	  Varia;on	  (cont’d)	  

(Pynn	  IUB	  lecture	  2006)	  



Contrast	  Varia;on	  -‐	  Example	  



Surface	  Reflec;on	  

Sca1ering	  triangle	  

θ	

θ	


𝒌 ↓𝒇 	  

𝒌 ↓𝒊 	  

𝑸 ↓𝒛 	  

𝑄↓𝑧 =|𝑄 ↓𝑧 |=2|𝑘 ↓𝑖 |𝑠𝑖𝑛𝜃= 4𝜋/𝜆 𝑠𝑖𝑛𝜃	  

Ψ↓0 = 𝑒↑𝑖𝑘↓0 𝑧 +𝑟𝑒↑−𝑖𝑘↓0 𝑧 	  

Ψ↓1 = 𝑡𝑒↑𝑖𝑘↓1 𝑧 	  

Ψ↓0 |↓𝑧=0 = Ψ↓1 |↓𝑧=0 	  

𝜕Ψ↓0 /𝜕𝑧 |↓𝑧=0 = 𝜕Ψ↓1 /𝜕𝑧 |↓𝑧=0 	  



Surface	  Reflec;on	  (cont’d)	  
𝑅= ‖𝑟‖↑2 = ‖1−√1− 16𝜋𝜌/𝑄↓𝑧↑2   /1+√1− 16𝜋𝜌/𝑄↓𝑧↑2    ‖↑2 	  

ρ:	  sca1ering	  length	  density	  of	  the	  substrate	  

Cri;cal	  edge:	  𝑄↓𝑐 =4√𝜋𝜌 	  

Example:	  Si	  substrate	  
ρ=2.07×10-‐6	  Å-‐2,	  Qc=0.0103	  Å-‐1	  

R(
Q
)	  

Q	  

Q-‐4	  

(Fresnel	  decay)	  

Qc	  



Reflec;on	  of	  Thin	  Film	  

𝑅= ‖𝑟‖↑2 = ‖𝑟↓01 + 𝑟↓12 𝑒↑𝑖2𝑘↓1 ∆ /1+ 𝑟↓01 𝑟↓12 𝑒↑𝑖2𝑘↓1 ∆  ‖↑2 	  

r01,	  r12:	  func;ons	  of	  the	  sca1ering	  length	  
densi;es	  of	  the	  film	  and	  substrate	  

R(
Q
)	  

Q	  

Oscilla;on	  period= 2𝜋/∆ 	  

Qc	  



Reflec;on	  of	  Thin	  Film	  (cont’d)	  
∏𝑗=𝑛−1↑0▒(█■𝑐𝑜𝑠(𝑘↓𝑗 𝛿↓𝑗 )&1/𝑘↓𝑗  𝑠𝑖𝑛(𝑘↓𝑗 𝛿↓𝑗 )@𝑘↓𝑗 𝑠𝑖𝑛(𝑘↓𝑗 𝛿↓𝑗 )&𝑐𝑜𝑠(𝑘↓𝑗 𝛿↓𝑗 ) ) (█■(1+𝑟)@𝑖𝑘↓0 (1−𝑟) )=(█■𝑡@𝑖𝑘↓𝑛 𝑡 )∏𝑗=𝑛−1↑0▒𝑒↑𝑖𝑘↓𝑛 𝛿↓𝑗   =(█■𝑡@𝑖𝑘↓𝑛 𝑡 )𝑒↑𝑖𝑘↓𝑛 ∆ 	  



Effect	  of	  Surface	  Roughness	  

Method	  1:	  treat	  as	  mul;ple	  discrete	  steps	  and	  solve	  the	  reflec;on	  numerically	  

Method	  2:	  assume	  the	  roughness	  as	  a	  Gaussian	  distribu;on	  𝒩(0,𝜎)	  

𝑅= 𝑅↓𝑓𝑙𝑎𝑡 𝑒↑− 𝑄↓⊥ 𝑄↓⊥↑𝑡 𝜎↑2  ≈𝑅↓𝑓𝑙𝑎𝑡 𝑒↑− 𝑄↓⊥↑2 𝜎↑2  	  



Effect	  of	  Surface	  Roughness	  (cont’d)	  

𝑅= 𝑅↓𝑓𝑙𝑎𝑡 𝑒↑− 𝑄↓⊥ 𝑄↓⊥↑𝑡 𝜎↑2  ≈𝑅↓𝑓𝑙𝑎𝑡 𝑒↑− 𝑄↓⊥↑2 𝜎↑2  	  
R(
Q
)	  

Q	  

Qc	  



Example:	  Thin	  Film	  with	  Deuterated	  Layers	  


